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ABSTRACT
The next generation of weak lensing probes can place strong constraints on cosmolog-
ical parameters by measuring the mass distribution and geometry of the low redshift
universe. We show that a future all-sky tomographic cosmic shear survey with design
properties similar to Euclid can provide the statistical accuracy required to distinguish
between different dark energy models. Using a fiducial cosmological model which in-
cludes cold dark matter, baryons, massive neutrinos (hot dark matter), a running
primordial spectral index and possible spatial curvature as well as dark energy per-
turbations, we calculate Fisher matrix forecasts for different dynamical dark energy
models. Using a Bayesian evidence calculation we show how well a future weak lensing
survey could do in distinguishing between a cosmological constant and dynamical dark
energy.
Key words: cosmology: dark energy – weak gravitational lensing – methods: statis-
tical
1 INTRODUCTION
The science of cosmology finds itself at a critical point
where it has to make sense of the large quantity of data
that has become available. Data from various astrophysical
sources (large scale structure (Ahn et al. 2013, SDSS); the
cosmic microwave background (Planck Collaboration 2013a,
Planck); supernovae (Goldhaber 2009, SCP); weak lensing
(Schrabback et al. 2010)) have allowed us to measure the
parameters in our cosmological model with ever increasing
precision.
The ΛCDM Concordance Model has been very success-
ful at explaining a host of observations with only six param-
eters. In this concordance cosmology, initial quantum fluc-
tuations are believed to have seeded perturbations in the
matter distribution, leading to the Large Scale Structure we
observe today. Within this model, the Universe is composed
only of a small proportion of baryons (about 5 per cent), the
rest being dark matter (about 25 per cent, which can be hot
or cold) and dark energy. The success of the Concordance
Model has been its ability to include physical effects at dif-
ferent scales, from primordial nucleosynthesis to Large Scale
Structure evolution, in one coherent theory. Yet there still
remains the problem of parameter accuracy. Given the data,
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we can measure the parameters within a theoretical model
to a given precision, but is the model itself correct? In other
words, together with the problem of parameter estimation,
there is the problem of model selection.
The statistical questions facing cosmologists pose some
particular problems. We observe a finite region of our Uni-
verse, which is itself a single realisation of the cosmolog-
ical theory. In other words, we have a single data point
for the cosmological model. We need to make decisions
based on this incomplete information. Bayesian inference
provides a quantitative framework for plausible conclusions
(see Hobson et al. (2010) for a detailed presentation). We
can identify three levels of Bayesian inference:
(i) Parameter inference (estimation): we assume that a
model M is true, and we select a prior for the parameters
P (θ|M).
(ii) Model comparison: there are several possible models
Mi. We find the relative plausibility of each in the light of
the data D.
(iii) Model averaging: there is no clear evidence for a best
model. We find the inference on the parameters which ac-
counts for the model uncertainty.
At the first level of Bayesian inference, we can esti-
mate the allowed parameter values of a model. Next, we can
ask which parameters we should include in our cosmolog-
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ical model. Although current data are consistent with the
six-parameter ΛCDM model, there are more than twenty
candidate parameters which might be required by future
data (see Liddle 2004). We cannot simply include all possi-
ble parameters to fit the data, since each one will give rise to
degeneracies that weaken constraints on other parameters,
including the ΛCDM parameter set (see e.g. Debono et al.
2010).
The goal in data analysis is usually to decide which
parameters need to be included in order to explain the data.
For cosmologists, those extra parameters must be physically
motivated. That is, we need to know the physical effects to
which our data are sensitive, so that we can relate these
effects to physics. At the current state of knowledge, we have
to acknowledge the possibility of more than one model. We
therefore require a consistent method to discard or include
parameters. This is the second level of Bayesian inference –
model selection.
It is only recently that cosmologists have focussed on
model selection (see, e.g. Jaffe 1996; Mukherjee et al. 2006;
Kilbinger et al. 2010; Wraith et al. 2009), when the astro-
physical data began to have the necessary statistical power
to enable model testing. With the next generation of astro-
physical probes in the pipeline, model selection is likely to
grow in importance (for a comprehensive review, see Trotta
2008, and note figure 1 therein).
Bayesian model selection cannot be completely free of
assumptions. In cosmology, there is some model structure
which depends on a number of unverifiable hypotheses about
the nature of the Universe. This important point is ad-
dressed by Ellis (1975, 2009, 2006), who identifies the Coper-
nican Principle as one such hypothesis. It is worth stating
the assumptions that we use throughout this paper:
(i) The Universe is isotropic.
(ii) The Universe is homogeneous (beyond a certain
scale).
(iii) Gravitational interactions are described by General
Relativity.
These assumptions mean that the Universe can be described
by General Relativity and a Friedmann-Robertson-Walker
cosmology.
There is now firm observational evidence suggesting
that our universe entered a recent stage of accelerated ex-
pansion. The physical mechanism behind this expansion rate
remains unclear and there exists a wealth of potential mod-
els. In the framework of General Relativity applied to a ho-
mogeneous and isotropic universe, the acceleration could be
produced by a new isotropic comoving perfect fluid with
negative pressure, called dark energy (Polarski 2010, 2013,
and references therein). Models explaining the present accel-
erated expansion are called dark energy models. The sim-
plest dark energy candidate is a fluid whose pressure sat-
isfies pΛ = −ρΛ or wΛ ≡ pΛ/ρΛ = −1. This is equivalent
to a positive cosmological constant Λ added to the Einstein
equations. The real question for physicists lies here. Are we
in the presence of a new component of the universe or is this
merely an additional term in the equations describing grav-
itational interactions? If the former, what is the nature of
this component? If the latter, why the additional constant?
In order to produce an accelerated expansion at the
present epoch, the equation of state parameter should sat-
isfy the conservative bound wDE = pDE/ρDE < −0.5. Ob-
servations suggest a lower value, close to −1. Is the value
constant, or does it vary with time? In the cosmological
context, the question in Bayesian inference terms is whether
there is evidence that we need to expand our cosmological
model beyond ΛCDM to fit this data (see e.g. March et al.
2011).
One of the fundamental problems in modern cosmol-
ogy is to understand this dark energy component, which
constitutes around 70 per cent of the Universe’s energy den-
sity (Albrecht et al. 2006; Peacock et al. 2006). To distin-
guish between theories the determination of the dark en-
ergy equation of state w is essential since some models
can result in very different expansion histories. The next
generation of cosmic shear surveys show exceptional poten-
tial for constraining the dark energy equation of state w(z)
(Albrecht et al. 2006; Peacock et al. 2006) and have the ad-
vantage of directly tracing the dark matter distribution (see
Hoekstra & Jain 2008 for a review).
Evidence for a departure from ΛCDM may come from
any sector. It is therefore pertinent to examine extensions
of this model in all sectors of interest within the Bayesian
framework.
The first extension to ΛCDM is the addition of neu-
trino parameters. Massive neutrinos have a non-negligible
effect on the matter power spectrum, especially the non-
linear part (Elgarøy & Lahav 2005; Hannestad et al. 2006;
Ichiki et al. 2009; Kitching et al. 2008a; Lahav et al.
2009; de Bernardis et al. 2009; Debono et al. 2010;
Melchiorri et al. 2012; Vanderveld & Hu 2013). The
level of precision of future weak lensing surveys is such
that the lensing signal is sensitive to the contribution of
the non-linear part of the matter power spectrum, where
neutrino physics plays a significant role. This requires the
inclusion of neutrino parameters in our calculations.
In the primordial power spectrum sector, the recent
CMB anisotropy observations from the Planck probe rule
out exact scale invariance at over 5σ (Planck Collaboration
2013b). Although there is no statistically significant evi-
dence for scale dependence, the data suggests caution in
employing an overly simple parametrization. For this rea-
son, we allow for possible departures from a scale-invariant
primordial power spectrum.
Cosmic shear surveys have the potential to constrain
all sectors of our cosmological model. As shear mea-
surements depend on the initial seeds of structure, weak
lensing can be used to constrain initial power spectrum
parameters (see e.g. Liu et al. 2009) which are central
to our understanding of the inflationary model (see e.g.
Hamann et al. 2007). Shear measurements have also been
used to complement neutrino constraints from particle
physics (Tereno et al. 2009; Ichiki, Takada, & Takahashi
2009) and galaxy surveys (Takada, Komatsu, & Futamase
2006), and future weak lensing surveys will provide bounds
on the sum of the neutrino masses, the number of massive
neutrinos and the hierachy (Hannestad, Tu, & Wong 2006;
Kitching, Taylor, & Heavens 2008b; de Bernardis et al.
2009; Hamann et al. 2012; Audren et al. 2013).
In this work we will consider weak cosmic shear from a
future all-sky survey similar to the European Space Agency
mission Euclid (see Amendola et al. 2012). The main scien-
tific objective of Euclid is to understand the origin of the
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accelerated expansion of the Universe by probing the nature
of dark energy. It could potentially test for departures from
the current standard models (see e.g. Heavens et al. 2007;
Zhao et al. 2012; Jain & Khoury 2010). The main goal is
therefore to test for departures from ΛCDM.
In terms of model selection, we can identify four hy-
potheses about the equation of state parameter w(a) which
form the ‘hypothesis space’ of the dark energy paradigm (see
Section 3.3 for notation):
H0: Cosmological constant Λ: w(a) = −1
H1: Constant, but non-Λ: w(a) = w0
H2: Simple evolving: w(a) = w0 + (1− a)wa
H3: Some more complex form of w(a)
At present, there is no evidence which justifies assigning a
higher probability to a particular model. This is a statement
on our prior knowledge, which is based on the accumula-
tion of information from a multitude of experiments (see
Brewer & Francis 2009). In this paper, we justify assigning
equal probabilities to each model because we are testing two
at a time. We will consider the first three models in the above
list.
This paper is organized as follows. In Section 2, we
describe the Bayesian framework and our model evidence
method. Our cosmological and weak lensing formalism is
described in Section 3. Parameter estimation and model se-
lection results are presented in sections 4 and 5.
2 BAYESIAN INFERENCE
The formalism of Bayesian inference is based on Bayes’ the-
orem, which is derived from the product rule in probability
theory:
p(θ|D,M) = p(D|θ,M)p(θ|M)
p(D|M) , (1)
where the left-hand side is the posterior probability for the
(in general) multi-dimensional vector of unknown model pa-
rameters θ of length n given the data D under model M ,
and p(D|M) is the Bayesian evidence or model likelihood.
The latter is the probability of observing the data D given
that the model M is correct.
Model selection or testing usually involves the calcula-
tion of the evidence. This may be expressed as the multi-
dimensional integral of the likelihood over the prior
p(D|M) =
∫
LdD =
∫
p(D|θ,M)p(θ|M) dθ, (2)
where L = L(θ) is the likelihood function and dD = p(θ) dθ
is the element of prior mass.
Here we are interested in model selection from among
two models, i.e. the probability that the modelM0 is correct
instead of an alternative model M1. This is given by the
posterior relative probabilities of the two models:
p(M0|D)
p(M1|D) =
p(M0)
p(M1)
∫
p(D|θ0,M0)p(θ0|M0) dθ0∫
p(D|θ1,M1)p(θ1|M1) dθ1 . (3)
If we assume that the models have the same probability
of being correct (that is, if we have noncommittal priors),
we have
p(M0)
p(M1)
= 1. (4)
The ratio then simplifies to give us the Bayes factor, or the
ratio of the probabilities that model 0 (null hypothesis) is
correct over model 1 given the data:
B01 ≡
∫
p(D|θ0,M0)p(θ0|M0) dθ0∫
p(D|θ1,M1)p(θ1|M1) dθ1 . (5)
The Bayes factor is then the ratio of the evidence for
two competing models M0 and M1, or the ratio of posterior
odds:
B01 ≡ p(D|M0)
p(D|M1) =
p(M0|D)
p(M1|D) . (6)
When we have two models, and we convert from prob-
abilities to odds, the Bayes factor acts like an operator on
prior beliefs:
p(M0|D)
p(M1|D) = B01 ×
p(M0)
p(M1)
(7)
Posterior odds = Bayes factor × Prior odds (8)
We assume separable priors in each parameter over the
range ∆θ. This is usually valid in many cosmological appli-
cations. Hence
p(θ|M) = (∆θ1 · · ·∆θn)−1. (9)
The width of the prior range may influence the Bayes factor.
While the prior range should be large enough to contain
most of the likelihood volume, an arbitrarily large prior can
result in an arbitrarily small evidence. For a discussion on
the dependence of evidence on the choice of prior see e.g.
Trotta (2007a) and Brewer & Francis (2009).
The Bayes factor becomes
B01 =
∫
p(D|θ0,M0) dθ0∫
p(D|θ1,M1) dθ1
(∆θ1 · · ·∆θm)1
(∆θ1 · · ·∆θn)0 (10)
where n and m are the number of parameters in models M0
and M1, respectively. If M0 is the simpler model, with its n
parameters common to M1, which has p = m− n extra free
parameters, then M0 may be considered as a special case of
a more general modelM1. For such nested models, assuming
separable priors, the ratio of prior hypervolumes simplifies
to
(∆θ1 · · ·∆θm)1
(∆θ1 · · ·∆θn)0 = ∆θn+1 · · ·∆θn+p. (11)
Then the Bayes factor can be written as
B01 =
p(θn+1 · · · θn+p|D,M1)
p(θn+1 · · · θn+p|M1)
∣∣∣∣∣
θn+1···θn+p=0
. (12)
This is the Savage-Dickey density ratio or SDDR
(Dickey 1971).
In this paper, we will calculate the SDDR from the
Fisher matrix using the method described in Lazarides et al.
(2004) and Heavens et al. (2007). Here we follow the nota-
tion used in the latter work.
For a future experiment, the data D do not exist, so
we compute the expectation value of the Bayes factor, given
the statistical properties of D (which we calculate from the
survey configuration). We also make two further approxima-
tions:
(i) Since B is a ratio, we approximate 〈B〉 by the ratio
c© 2013 RAS, MNRAS 000, 1–12
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of expected values (rather than the expected value of the
ratio). This holds if the evidences are sharply peaked.
(ii) We use the Laplace approximation, where we assume
that the likelihoods are well-described by a multivariate
Gaussian.
The second approximation is used in the Fisher matrix
method in parameter estimation (Fisher 1935), which gives
the lower bound on the accuracy with which we can estimate
model parameters from a given data set (see Tegmark et al.
1997). This assumes that the second-order Taylor expansion
of lnL is valid over a sufficiently wide region in parameter
space around the maximum. For a Euclid -like weak lensing
survey, Audren et al. (2013) find that the expected likeli-
hoods for the model parameters of a ΛCDM model including
massive neutrinos are very close to a multivariate Gaussian.
The Fisher matrix, defined as
Fαβ = −
〈
∂2 lnL
∂θα∂θβ
〉
, (13)
where θα is the vector of model parameters, is the expec-
tation value of the covariance matrix near the maximum-
likelihood point. The Fisher matrix approach allows us to
forecast the errors around the parameter values, and can
therefore be used to forecast the precision with which a given
experiment will estimate model parameters.
Using the expression for the Fisher matrix, the expected
likelihoods for the model M parameters are then
〈p(D|θ,M)〉 = L∗ exp
(
−1
2
(θα − θ∗α)Fαβ(θβ − θ∗β)
)
, (14)
where ∗ indicates the peak value.
If we assume that the posterior probability densities are
small at the boundaries of the prior volume, the integration
over the multivariate Gaussian in equation (10) becomes
(2π)n/2(detF )1/2, where n is the number of parameters in
model M .
For nested models, the expected value of the Bayes fac-
tor is then:
〈B01〉 = (2π)−p/2
√
detF1√
detF0
L∗0
L∗1
p∏
q=1
∆θn′+q. (15)
At the maximum of the expected likelihood in the extended
modelM0, the parameters α shift by δα from their values in
the simpler model M1 to compensate for the fact that the
additional p parameters differ by δψ from zero. This shift is
given by:
δθα = −(F−11 )αβGβζ δψζ ;α, β = 1 . . . n, ζ = 1 . . . p (16)
where G is an n by p block of the Fisher matrix F0. The
ratio of the likelihoods calculated from the Fisher matrix is
then
L∗0
L∗1
= exp
(
−1
2
δθα[F1]αβδθβ
)
(17)
We therefore obtain the final expression for the expected
value of the Bayes factor as a special case of the SDDR:
〈B01〉 = (2π)−p/2
√
detF1√
detF0
exp
(
−1
2
δθα[F1]αβδθβ
) p∏
q=1
∆θn+q .
(18)
Table 1. Jeffrey’s scale for the strength of evidence when compar-
ing two models M0 against M1. The probability is the posterior
probability of the favoured model, assuming non-committal pri-
ors on the two models, and assuming that the two models fill all
the model space. The threshold values are set empirically, and are
roughly based on the standard interpretation of betting odds.
| lnB| Odds Probability Evidence
Jeffreys Trotta
< 1.0 . 3 : 1 < 0.750 Inconclusive Inconclusive
1.0 ∼ 3 : 1 0.750 Substantial Positive
2.5 ∼ 12 : 1 0.923 Strong Moderate
5.0 ∼ 150 : 1 0.993 Decisive Strong
This allows us to evaluate the expected evidence without
having to calculate the likelihood at all interesting points in
parameter space, making the calculation less computation-
ally demanding.
Lazarides et al. (2004) give a similar expression for the
SDDR which explicitly illustrates the underlying concepts:
lnB01 = L01 + C01 + F01, (19)
where L is likelihood, C is the posterior volume and F is
the prior structure. The model evidence thus incorporates
a trade-off between modelling the data (i.e. goodness of fit)
and remaining consistent with our prior (i.e. simplicity or
negative complexity). The latter, through the posterior vol-
ume and prior structure terms, can be interpreted as Oc-
cam’s razor, or the principle of parsimony in scientific theo-
ries.
A Bayes factor (in contrast to a likelihood ratio) thus
says which of two competing models is better at providing a
simple yet accurate explanation of the data (see March et al.
(2011) for an interesting discussion in relation to ΛCDM).
Evidence values need to be interpreted in order to make
a decision on competing models. In this study we will use
the convention summarised in Table 1. Note that differ-
ent authors assign different descriptions to evidence val-
ues (e.g. Jeffreys (1961), Trotta (2007b), Kass & Raftery
(1995)). One should bear in mind that the interpretation of
Bayesian evidence depends on the problem in question (see
e.g. Efron & Gous 2001). In Table 1 we list the terminology
given by Jeffreys (1961) and Trotta (2007b), including the
translation of evidence values to model probabilities.
Inconclusive evidence for one model means that the al-
ternative model cannot be distinguished from the null hy-
pothesis. This occurs when | lnB01| < 1. A positive Bayes
factor lnB01 > 1 favours model M0 over M1 with odds of
B01 against 1. In this respect, Bayesian model selection is
different from frequentist goodness-of-fit tests, since we can-
not reject a hypothesis unless an alternative hypothesis is
available that fits the facts better. If we take the example of
dark energy models, it means that a claim such as ‘ΛCDM
is false’ is not useful, and we need a more specific model in
our set of testable hypotheses (see Trotta 2008).
c© 2013 RAS, MNRAS 000, 1–12
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3 METHOD
3.1 Cosmology
We start by describing our simplest parameter set. Our 9-
parameter FRW cosmological model contains baryonic mat-
ter, cold dark matter (CDM) and dark energy, to which we
add massive neutrinos (i.e. hot dark matter – HDM).
We allow for a non-flat spatial geometry by including a
dark energy density parameter ΩDE together with the total
matter density Ωm, such that in general Ωm + ΩDE 6= 1.
Our 9-parameter space consists of:
(i) Total matter density – Ωm (which includes baryonic
matter, HDM and CDM)
(ii) Baryonic matter density – Ωb
(iii) Neutrinos (HDM) –mν (total mass in eV), Nν (num-
ber of massive neutrino species)
(iv) Dark energy density – ΩDE
(v) Hubble parameter – h in units of 100 km−1Mpc−1
(vi) Primordial power spectrum parameters – σ8 (ampli-
tude), ns (scalar spectral index), α (its running)
For simplicity, we shall refer to this fiducial cosmology as
ΛCDM. We choose fiducial parameter values based on the
Planck 2013 results (Planck Collaboration 2013a), with the
exception of the scalar spectral index, which we set to 1
(Planck data indicate a slightly lower value which is in-
compatible with 1 (see Planck Collaboration 2013a,b)). Our
fiducial values are: Ωm=0.31, Ωb = 0.048, mν = 0.25 eV,
Nν = 3, h = 0.67(100 km
−1Mpc−1), ΩDE = 0.69, ns = 1,
α = 0, σ8 = 0.82. The reionization optical depth, used in the
power spectrum calculations but not included in the Fisher
matrix, is set to τ = 0.09.
3.2 Matter power spectrum
The matter power spectrum is defined as:
〈δ(k)δ∗(k′)〉 = (2π)3δ3D(k− k′)P (k) (20)
and can be modelled by:
P (k, z) =
2π2
k3
Ask
ns(k)+3T 2(k, z)
(
D(z)
D(0)
)2
, (21)
where As is the normalisation parameter, T (k, z) is the
transfer function and D(z) is the growth function. The pri-
mordial spectral index is denoted by ns(k).
In our cosmological model, the shape of the primor-
dial power spectrum is of particular interest, since it may
mimic some of the small-scale power damping effect of mas-
sive neutrinos. In the concordance model, the primordial
power spectrum is generally parametrized by a power-law
(see e.g. Kosowsky & Turner 1995; Bridle et al. 2003)
Pχ(k) = As
(
k
k0
)ns−1
, (22)
where As is the power spectrum amplitude used as a normal-
isation parameter in the previous equation. We parametrize
the running of the spectral index by using a second-order
Taylor expansion of Pχ in log-log space, defining the running
as α = dns/d ln k|k0 , so that the primordial power spectrum
is scale-dependent, with the scalar spectral index defined by
(Spergel et al. 2003; Hannestad et al. 2002)
ns(k) = ns(k0) +
1
2
dns
d ln k
∣∣∣∣∣
k0
ln
(
k
k0
)
, (23)
where k0 is the pivot scale. This parametrization is moti-
vated by standard slow-roll inflation theory. We use a fidu-
cial value of k0 = 0.05Mpc
−1 for the primordial power spec-
trum pivot scale.
Our fiducial cosmological model assumes a total of three
neutrino species (i.e. Nmassless + Nν = 3), with degenerate
masses for the most massive eigenstates, i.e. if mν is the
total neutrino mass, then
mν =
Nν∑
i=0
mi = Nνmi, (24)
where mi is the same for all eigenstates. The tempera-
ture of the relativistic neutrinos is assumed to be equal to
(4/11)1/3 of the photon temperature (Kolb & Turner 1990).
We model Nν , the number of massive (non-relativistic) neu-
trino species, by a continuous variable.
Neutrino oscillation experiments do not, at present,
determine absolute neutrino mass scales, since they only
measure the difference in the squares of the masses be-
tween neutrino mass eigenstates (Quigg 2008). Cosmolog-
ical observations, on the other hand, can constrain the
neutrino mass fraction, and can distinguish between dif-
ferent mass hierarchies (see e.g. Elgarøy & Lahav 2005,
Jimenez et al. 2010, Abazajian et al. 2011, Jimenez 2013 for
a review of the methods). In particular, Bayesian model se-
lection based on the SDDR using weak lensing has been
applied to neutrino parameters by Kitching et al. (2008a)
and de Bernardis et al. (2009).
We use the numerical Boltzmann code CAMB
(Lewis et al. 2000) to calculate the linear matter power spec-
trum. This includes the contribution of baryonic matter,
cold dark matter, dark energy and massive neutrino oscil-
lations. We use the Smith et al. (2003) halofit fitting for-
mula to calculate the non-linear power spectrum, with the
modification suggested by Bird et al. (2012), which models
the induced neutrino suppression over our power spectrum
scales and redshifts better than halofit. The power spec-
trum is normalised using σ8, the root mean square amplitude
of the density contrast inside an 8h−1Mpc sphere.
3.3 Dark energy parametrization
This paper examines the following question: Is dark energy
Λ? How well will the future Euclid probe be able to answer
this?
We therefore extend our fiducial ΛCDM parameter
space by adding two dark energy parameters: the equation
of state parameter at the present epoch w0 and its variation
wa. The dynamical dark energy equation of state param-
eter, w = p/ρ, is expressed as function of redshift and is
parametrized by a first-order Taylor expansion in the scale
factor a (Chevallier & Polarski 2001; Linder 2003):
w(a) = w0 + (1− a)wa, (25)
where a = (1 + z)−1. This parametrization is motivated by
the quintessence model, in which dark energy is some mini-
mally coupled scalar field, slowly rolling down its potential
such that it can have negative pressure. Scalar field models
c© 2013 RAS, MNRAS 000, 1–12
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typically have a time-varying w > −1. The model selection
question on ΛCDM can therefore be reformulated as follows:
Is (w0, wa) = (−1, 0)?
Dark energy affects the matter power spectrum in three
ways. Firstly, its density ΩDE changes the normalisation and
keq , the point at which the power spectrum turns over. Sec-
ondly, ΩDE and the dark energy equation of state parameter
w change the growth factor at late times by changing the
Hubble rate. In addition to this, for departures from a cos-
mological constant the shape of the matter power spectrum
on large scales is affected through dark energy perturbations.
Testing for the presence of any small deviations from
w = −1 using future probes requires a model of dark energy
that allows the equation of state to evolve across this bound-
ary multiple times. The effect of these perturbations tends
to be small close to w = −1 (see e.g. Hu 2005; Vikman 2005;
Caldwell & Doran 2005). However, our aim is to explore as
fully as possible the (w0 − wa) parameter space, including
regions where w < −1 (the ‘phantom domain’) and mod-
els in which w is time-dependent. A single-fluid model is
not self-consistent when the equation of state is allowed to
cross below −1. Using a frequentist combination of CMB
and SNIa data, Ye`che et al. (2006) find that the introduc-
tion of dark energy perturbations for w > −1 can change
the position of the maximum likelihood in the (w0 − wa)
plane by as much as 2σ.
We therefore include dark energy perturbations in all
our calculations by using the parametrized post-Friedmann
(PPF) framework (Hu & Sawicki 2007; Hu 2008) as imple-
mented in CAMB (Fang et al. 2008a,b). This allows a time-
dependent equation of state w(a) to cross the phantom di-
vide multiple times.
3.4 Weak lensing
The cosmological probe considered in this paper is tomo-
graphic weak lensing, from which we derive our observable:
cosmic shear. We base our calculations on the configuration
and properties of a future all-sky tomographic weak lensing
survey such as Euclid (Amendola et al. 2012; Laureijs et al.
2011). The calculation of the weak lensing power spectrum
closely follows the method described in Amara & Re´fre´gier
(2007) and Debono et al. (2010).
In cosmic shear surveys, the observable is the conver-
gence power spectrum. In our analysis, we calculate this
quantity from the matter power spectrum via the lensing
efficiency function. Our convergence power spectrum there-
fore depends on the survey geometry and on the matter
power spectrum. We use the power spectrum tomography
formalism by Hu & Jain (2004), with the background lensed
galaxies divided into 10 redshift bins. Cosmological models
are then constrained by the power spectrum corresponding
to the cross-correlations of shears within and between bins.
The 3D power spectrum is projected onto a 2D lensing cor-
relation function using the Limber (1953) equation:
Cijℓ =
∫
dz
H
D2A
Wi(z)Wj(z)P (k = ℓ/DA, z), (26)
where i, j denote different redshift bins. The weighting func-
tion Wi(z) is defined by the lensing efficiency:
Wi(z) =
3
2
Ωm
H0
H
H0DOL
a
∫
∞
z
dz′
DLS
DOS
P (z′), (27)
Table 2. Fiducial parameters for the Euclid-type all-sky weak
lensing survey considered in this paper.
Survey property Requirements Goals
As/sq degree 15 000 20 000
zmedian 0.9 0.9
ng/arcmin2 30 40
σz(z)/(1 + z) 0.05 0.03
σǫ 0.25 0.25
where the angular diameter distance to the lens is DOL,
the distance to the source is DOS, and the distance be-
tween the source and the lens is DLS (see Hu & Jain 2004
for details). Our multipole range is 10 < ℓ < 5000. This
is a good compromise between the gain in information by
the inclusion of non-linear modes, and the uncertainties in
the matter power spectrum calculation for sub-arcmin scales
(Amara & Re´fre´gier 2007; Debono et al. 2010).
The galaxies are assumed to be distributed accord-
ing to the following probability distribution function
(Smail, Ellis, & Fitchett 1994):
P (z) = za exp
[
−
(
z
z0
)b]
, (28)
where a = 2 and b = 1.5, and z0 is determined by the median
redshift of the survey zm (see e.g. Amara & Re´fre´gier 2007).
Our survey geometry follows the parameters for two
configurations of an all-sky survey of the Euclid type, with
the survey area As ranging from 15000 to 20000 sq degrees.
The first configuration uses the properties defined by the
‘requirements’, and the second uses the ‘goals’, as defined in
the Euclid Definition Study Report (Laureijs et al. 2011).
The survey parameters are shown in Table 2. The median
redshift of the density distribution of galaxies is zmedian and
the observed number density of galaxies is ng . We include
photometric redshift errors σz(z) and intrinsic noise in the
observed ellipticity of galaxies σǫ. We follow the definition
σ2γ = σ
2
ǫ , where σγ is the variance in the shear per galaxy
(see Bartelmann & Schneider 2001).
The Fisher matrix for the shear power spectrum is given
by (Hu & Jain 2004)
Fαβ = fsky
∑
ℓ
(2ℓ+ 1)∆ℓ
2
Tr
[
DℓαC˜
−1
ℓ DℓβC˜
−1
ℓ
]
, (29)
where the sum is over bands of multipole ℓ of width ∆ℓ,
Tr is the trace, and fsky is the fraction of sky covered by
the survey. We assume the likelihood to have a Gaussian
distribution, with zero mean. The observed power spectra
for each pair i, j of redshift bins are written as the sum of
the lensing and noise spectra:
C˜ijℓ = C
ij
ℓ +N
ij
ℓ . (30)
The derivative matrices are given by
[Dα]
ij =
∂Cijℓ
∂θα
, (31)
where θα is the vector of parameters in the theoretical
model. All parameters are fully marginalized over.
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Table 3. Predicted 1σ errors on cosmological parameters using
cosmic shear data for two Euclid survey configurations, as de-
scribed in the text.
Parameter Fiducial 1σ errors
value Requirements Goals
Ωm 0.31 0.0074 0.0053
Ωb 0.048 0.0257 0.0185
mν/eV 0.25 0.4074 0.2925
Nν 3 4.7330 3.4393
h/100 km−1Mpc−1 0.67 0.3277 0.2485
σ8 0.82 0.0088 0.0062
ns 1 0.1516 0.1129
α 0 0.0491 0.0360
ΩDE 0.69 0.0562 0.0384
w0 -1 0.0551 0.0382
wa 0 0.3824 0.2559
FOM 48 102
4 PARAMETER ESTIMATION RESULTS
Parameter estimation through Fisher matrix analysis uses
a fiducial model which is assumed to be correct. Our ‘prior
knowledge’ is included in the calculation through our choice
of the assumed model, based on theory and knowledge from
previous experiments. In this study we use a fiducial model
based on Planck 2013 results, which themselves incorpo-
rate prior ranges motivated by theory and observation (see
Planck Collaboration 2013a).
In this section we present the forecast marginal errors
on cosmological parameters using tomographic cosmic shear.
The predicted marginalised parameter errors on the cos-
mological parameters in the 11-parameter model are shown
in Table 3. We show the results for the Euclid ‘requirement’
and ‘goal’ survey configurations. The improvement in the
constraints, especially for the dark energy equation of state
parameters, is due mostly to the increase in the survey area.
The concept of a well-measured parameter depends on
the prior. Using a Euclid survey with goal parameters, we
obtain a posterior uncertainty around w0 = −1 and wa = 0
of 0.038 and 0.256 respectively. Whether this means that we
have measured dark energy to be a cosmological constant
Λ or whether some other model is favoured depends on our
model predictions. For instance, w > −1 is expected for
standard minimally coupled scalar fields, while w < −1 is
allowed in some theories. This dependence of model selection
conclusions on the prior range is an important aspect of
modern cosmology (see e.g. Kunz et al. 2006).
The forecast 1σ constraints in the (w0, wa) plane for
particular choices of cosmological model are shown in Fig.
1. We note that the orientation of the error ellipses shifts
as we change the point around which the Fisher matrix is
calculated. Around (w0 = −1, wa = 0), the errors on each
parameter are only minimally correlated.
Fig. 2 shows the predicted Dark Energy Task Force Fig-
ure of Merit (Albrecht et al. 2006) from a Euclid survey with
requirement configuration in the parameter space spanned
by w0 and wa. The Figure of Merit (FOM) quantifies the
potential for a survey to constrain dark energy parameters
for a dynamical dark energy equation of state parametrized
by
−1.4 −1.3 −1.2 −1.1 −1.0 −0.9 −0.8 −0.7 −0.6
w0
−2.0
−1.5
−1.0
−0.5
0.0
0.5
1.0
1.5
2.0
w
a
Figure 1. The forecast joint 1σ constraints on the (w0, wa) plane
from Euclid. The blue ellipses show the constraints at the extreme
edges of the parameter space we explore. The central ellipses show
the results for fiducial values of w0 = −1 and wa = 0 with the
Euclid requirement parameters (black) and goal parameters (red).
The position of the fiducial dark energy parameter values in each
case is shown by the white cross-hairs.
w(a) = wn + (an − a)wa, (32)
where an corresponds to a pivot redshift at which wa and
wn are uncorrelated. The FOM is defined as
FOM =
1
σwnσwa
. (33)
The FOM is stable over a wide region around
(−1, 0) in the (w0, wa) plane roughly corresponding
to the marginalized posterior distributions for w0 and
wa, obtained using combined Planck CMB and other
data (Planck Collaboration 2013a). Over this region, the
marginalized errors for the other parameters in the model
do not change significantly, since the second derivative of
the log-likelihood in the Fisher matrix is stable as the point
around which it is taken is shifted. There is a change in the
(w0, wa) degeneracy direction, as shown in Fig. 1, but the
joint error remains roughly constant.
It is interesting to note that Basse et al. (2013) obtain
qualitatively similar results for the variation of the FOM
away from ΛCDM for a Euclid -like survey. They use a dif-
ferent method to calculate the FOM, based on Monte Carlo
analysis of mock datasets for cosmic shear power spectrum,
galaxy power spectrum, and cluster mass function measure-
ments.
Measuring the FOM alone does not tell us anything
about the evidence for the cosmological model. It simply
tells us how well a given experiment is able to constrain the
parameters of that model. All we can conclude is that if we
assume a non-Λ fiducial model within some region around Λ,
then the 1σ confidence limits do not rule out Λ. The Fisher
matrix assumes ΛCDM (or some other model) is true and
c© 2013 RAS, MNRAS 000, 1–12
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Figure 2. The DETF Figure of Merit in the w0-wa plane, from expected Euclid results with the requirement survey configuration. The
position of ΛCDM in parameter space is shown by the red cross-hairs.
simulates the error bounds from it. The error ellipse from
parameter estimation is not invariant when changing mod-
els. This is clearly seen in Fig. 1. Bayesian model selection
simulates errors from all dark energy models, assesses model
confusion, allows us to discriminate against ΛCDM.This is
examined in the next section.
5 BAYESIAN EVIDENCE RESULTS
In the results presented here, the magnitude of the Bayes fac-
tor is the ability of a Euclid -type experiment to distinguish
between one model over another. In other words, this is the
evidence provided by the experiment for the fiducial model
over a competing model, where the fiducial model contains
extra parameters (in this case, dark energy parameters w0
and wa).
One important point is that the prior ranges should
be wide enough to fit most of the parameter likelihood.
Our choice of prior ranges for w0 and wa follows that of
the Planck 2013 calculations (Planck Collaboration 2013a),
where the prior ranges are chosen to be larger than the pos-
terior without crossing into regions of parameter space which
are unphysical. This means that the prior ranges are also
motivated by the structure of our cosmological theory and
thus incorporate the concept of ‘prior knowledge’. We set
a prior range of −3 6 w0 6 −0.3 and −2 6 wa 6 2. The
boundary of the decisive region is not significantly affected
by changes in the prior range.
5.1 Single-parameter expected evidence
In this section we investigate the expected evidence for the
parameters w0 and wa individually.
The top panel of Fig. 3 shows the one-dimensional ex-
pected evidence for a constant w0 6= −1. In this case, we are
testing hypothesis H1 against H0, that is, a 10-parameter
model where w0 is constant but non-Λ against a 9-parameter
ΛCDM model.
We find that Euclid requirement survey data would de-
cisively discard ΛCDM for w0 < −1.176 or w0 > −0.921.
Data from the goal survey configuration would narrow the
range around −1 where the evidence is not decisive to
−1.121 > w0 > −0.924. Near w0 = −1, the evidence for
ΛCDM begins to accumulate, but the curve stays below −1,
showing that the evidence is still inconclusive, and neither
model is favoured.
The parameter estimation results for the 10-parameter
model give us 3σ error bounds of w0 = −1± 0.165 (require-
ments) and w0 = −1± 0.114 (goals), equivalent to 99.5 per
cent probability that the true value of w0 falls within these
bounds. The ranges are therefore [−1.165,−0.835] (require-
c© 2013 RAS, MNRAS 000, 1–12
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ments) and [−1.114,−0.886] (goals). This could be mistaken
for an example of Jeffreys-Lindley’s paradox (Jeffreys 1939;
Lindley 1957); there are values of w0 lying inside the 99 per
cent confidence region around Λ for which ΛCDM would
nonetheless be discarded by model selection. In reality, there
is no paradox. Here we are calculating evidence against
ΛCDM, while the parameter estimation results assume that
ΛCDM is the true model. The Bayes factor is interpreted
as a 99.3 per cent probability that w0 is not Λ if the data
fit models where w0 is outside the range [−1.176,−0.921]
(requirements) and [−1.121,−0.924] (goals). Inside these
ranges, the experiment is inconclusive. Note that tighter
parameter estimation bounds around −1 would still be in-
sufficient to rule out alternatives to ΛCDM if we consider
that the prior range for w0 is zero for this model. This is
a good illustration of the need for a multipronged approach
to Bayesian inference in cosmology. Parameter estimation
provides information which allows us to update our priors,
which we can then use for model selection.
Constant w models are not physically well-motivated.
If w 6= −1 then it is likely to change with time. We there-
fore investigate the expected evidence for time-varying dark
energy equation of state models against constant-w models.
The bottom panel of Fig. 3 shows the one-dimensional
expected evidence for wa using Euclid with survey param-
eters defined by ‘requirements’ (black line) and ‘goals’ (red
line). Here we are testing hypothesis H2 against H1 (see Sec-
tion 1), that is, an 11-parameter model which includes w0
and wa against a 10-parameter model which includes some
constant w0 but not wa.
We find that Euclid data with the requirement survey
would decisively favour a (w0, wa) model if wa is outside the
range [−0.133, 0.139]. With the goal survey configuration,
this range narrows to [−0.128, 0.134]. The value of | lnB|
rises above 1 for −0.067 < wa < 0.068 (requirements) and
−0.072 < wa < 0.075. Inside this range, the model sim-
plicity criterion (Occam’s razor) will significantly favour the
simpler model unless the data demand otherwise. The evi-
dence, however, is not decisive, meaning that Euclid on its
own is not powerful enough to decisively favour a constant-w
model over a quintessence model even if wa = 0 is the true
case. We note that there is no tension between our Bayesian
evidence and our parameter estimation results, which give us
marginalized 1σ likelihood of wa = 0±0.38 and wa = 0±0.26
for the 11-parameter model with the Euclid requirement and
goal survey, respectively.
5.2 Multi-parameter expected evidence
Fig. 4 shows the expected evidence contours for w0 and wa
jointly from the Euclid requirements survey design. Here we
are testing hypothesisH2 (11-parameter wCDM) against H0
(9-parameter ΛCDM).
We note that the evidence contours are not perfectly
symmetric around ΛCDM and that the Bayes factor values
show some isolated minima. At certain points, the value of
| lnB| dips below 1. These are located close to Λ and indi-
cate the points where the evidence in favour of either model
is inconclusive. These points are located at the boundary
between the parameter space where the data would favour
ΛCDM and the space where the data would favour a dy-
namical dark energy model. As the models move closer to
Figure 3. The expected value of | lnB| as a function of the extra
parameter in the competing model. In the top panel, we show
the evidence for models with constant w0 against ΛCDM as a
function of the value of w0 i.e. hypothesis H1 against H0. In the
bottom panel, we show the evidence for quintessence models with
nonzero wa against models with constant w (not necessarily Λ)
as a function of the value of wa (bottom panel) i.e. hypothesis H2
against H1. The evidence is calculated from forecast Euclid data
with requirement survey parameters (black) and Euclid goal pa-
rameters (red). The dotted horizontal lines mark the boundaries
between ‘significant’, ‘strong’, and ‘decisive’ evidence according
to Jeffreys’s terminology. Between the two cusps on each plot,
ΛCDM would be likely to be preferred by the data.
(w0 = −1, wa = 0), the data will start to favour ΛCDM
because Occam’s razor (favouring the simpler model) will
now be dominant over the ability of the more complicated
model to fit the data with its extra parameters. The figure
also shows that evidence accumulates quickly as we move
away from the simpler model, which is to be expected – a
Euclid -like survey should be able to detect significant devia-
tions from ΛCDM. This rate of change over parameter space
is an indication of the strength of the experiment.
c© 2013 RAS, MNRAS 000, 1–12
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Figure 4. The evidence contours for wCDM against ΛCDM, from forecast Euclid data with the requirement survey parameters. The
position of ΛCDM in parameter space is shown by the black cross-hairs. The white region indicates the points in parameter space where
the numerical value of | lnB| is close to infinity i.e. where the odds are infinitely against ΛCDM. Outside the light blue region delineated
by a red contour (| lnB| = 5), the evidence is decisively against ΛCDM. Inside this region, the experiment provides moderate to strong
evidence, but the evidence is not decisive. The black points surrounding the | lnB| = 5) contour indicate values of | lnB| < 1, i.e. points
where the evidence is inconclusive and neither model is favoured. The value of | lnB| is above unity close to ΛCDM, indicating positive
support for the simpler model. SUGRA and Phantom Quintessence are indicated in magenta. They fall within the region where the
evidence is overwhelmingly decisive.
The fiducial survey will be able to distinguish deci-
sively between dynamical dark energy models and ΛCDM
over much of the parameter space examined in our calcula-
tions. This space is indicated by the light and dark green, or-
ange and white regions in Fig. 4. Specifically, the experiment
could conclusively distinguish between ΛCDM and SUGRA
(Brax & Martin 1999) as proposed by Weller & Albrecht
(2002) to represent quintessence with (w0 = −0.8, wa = 0.3)
or ΛCDM and Phantom Quintessence (Caldwell 2002) with
(w0 = −1.2, wa = −0.3) (see Novosyadlyj et al. (2013) for
model selection applied to quintessence and phantom mod-
els using other astrophysical probes).
6 CONCLUSION
In this paper we have shown that tomographic weak lensing
has the ability to measure the effect of dynamical dark en-
ergy on the matter power spectrum, and use this to place
constraints on cosmological parameters including dynam-
ical dark energy. We have investigated the expected pa-
rameter constraints on dynamical dark energy equation of
state parameters from the future Euclid weak lensing probe
with forecast cosmic shear data, using the Fisher matrix ap-
proach.
Using the Bayesian evidence method described in
Heavens et al. (2007), we have calculated the Savage-Dickey
density ratio for nested cosmological models which include
cold dark matter, baryons, neutrinos, possible spatial cur-
vature and variations of the primordial scalar spectral in-
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dex, as well as different parametrizations of the dark energy
equation of state.
We have shown that Euclid cosmic shear data from the
requirement survey would be able to decisively distinguish
between a cosmological constant with w0 = −1 and a con-
stant but non-Λ dark energy equation of state parameter if
w0 < −1.176 or w0 > −0.921. Our results also show that
these data would be able to decisively distinguish between
time-constant equation of state models with wa = 0 and dy-
namical dark energy models if wa < −0.133 or wa > 0.139.
We find that Euclid cosmic shear data with the re-
quirement survey configuration, would be able to provide
substantial to strong Bayesian evidence to distinguish dy-
namical dark energy models from ΛCDM for models within
the space spanned by the (w0 = −1, wa = 0) error ellipse.
However, the evidence in this region is still not decisive.
ΛCDM is well-supported by the forecasts, since the in-
clusion of extra parameters is not required by Bayesian ev-
idence at the current Concordance Cosmology parameter
values. This is shown by the fact that the Bayesian evidence
calculations in the parameter space close to ΛCDM return
an undecided result, or a result showing substantial to strong
evidence.
This article concludes that a future all-sky weak lensing
survey of the Euclid type could provide robust constraints
on dark energy parameters and distinguish between a wide
range of dynamical dark energy models and a cosmological
constant. Our results show that if the dark energy equation
of state parameter w is really different from Λ, then this
survey is very likely to be able to confirm this, but if dark
energy really is Λ then Euclid tomographic cosmic shear
alone will not be decisive.
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